We study the dynamics of the classical and quantum mechanical scattering of a wave packet from an oscillating barrier. Our main focus is on the dependence of the transmission coefficient on the initial energy of the wave packet for a wide range of oscillation frequencies. The behavior of the quantum transmission coefficient is affected by tunneling phenomena, resonances and kinematic effects emanating from the time dependence of the potential. We show that when kinematic effects dominate (mainly in intermediate frequencies), classical mechanics provides very good approximation of quantum results. In that frequency region, the classical and quantum transmission coefficients are in optimal agreement. Moreover, the transmission threshold, i.e. the energy above which the transmission coefficient becomes larger than a specific small threshold value, is found to exhibit a minimum. We also consider the form of the transmitted wave packet and we find that for low values of the frequency the incoming classical and quantum wave packet can be split into a train of well separated coherent pulses, a phenomenon which admits purely classical kinematic interpretation.
I. INTRODUCTION
The agreement between quantum and classical mechanics, usually referred to as Quantum-Classical Correspondence (QCC) is a subject that has intensively been studied in a large variety of systems. In the semiclassical limit, classical mechanics is a useful tool for the study of quantum systems, especially in the case where ab initio quantum calculations are lengthy and cumbersome [1, 2] . It is therefore important to know under which circumstances a quantum system may be adequately described by classical mechanics. The majority of works on QCC have been devoted to bound or semi-bound systems with static potentials, and less attention has been devoted to scattering systems [3] [4] [5] as well as to systems with time-dependent potentials [6, 7] . The behaviour of such systems cannot be fully attributed to the shape of the potential, as kinematic effects may play an important role [8, 9] .
The aim of the present work is to study QCC in a simple time-dependent system with the presence of kinematic effects. In particular, we study the scattering of classical and quantum wave packets off a 1-dimensional barrier whose position oscillates laterally and harmonically with time. The problem of a charged particle interacting with a static potential barrier in the presence of an oscillating electric field, can be transformed to that of a particle interacting with an oscillating potential barrier, by means of the Kramers-Henneberger transformation [10] [11] [12] . The interest in the behavior of driven barrier systems has been renewed due to the effect of quantum charge pumping, according to which, in systems of mesoscopic scale subject to an ac driving, a dc current can be generated even at zero bias [13] [14] [15] [16] .
A commonly used approach for the quantification of QCC is the construction of a phase space representation of quantum mechanics and the comparison of the evolution of classical and quantum densities in phase space [17] [18] [19] [20] . Such representations, based on the Wigner and Husimi phase space densities, elucidate the effects of classical phase space on the quantum evolution. However, in most cases of practical interest, the agreement between classical and quantum mechanics is considered with respect to specific observables, such as ionization or dissociation rates [21] [22] [23] [24] , tunneling probabilities [25] , dwell times [3] etc.
In the case of scattering from barriers, the most widely used observable in both classical and quantum approaches is the transmission coefficient. For a static barrier, the classical transmission coefficient as a function of the energy E of the particles exhibits the form of a step function: it is zero for E < V 0 and unity for E > V 0 , where V 0 is the height of the barrier. Nevertheless, if classical wave packets (i.e. ensembles of orbits) are considered, the transmission coefficient can become a continuous function of the mean energy, as it is the case in quantum mechanics. This occurs when the classical wave packet is broad enough in momentum space to include orbits with energies larger than the height of the barrier. Introducing time-dependence, by means of the lateral oscillation of the barrier, will in general enhance the transmission since particles with E < V 0 can be transmitted if the energy corresponding to their relative motion with respect to the barrier is greater than V 0 .
The transmission of wave packets through a laterally harmonically oscillating barrier exhibits very interesting properties and has been studied in several works, mainly in the framework of quantum mechanics [26] [27] [28] [29] [30] [31] [32] . It has been found that for high driving frequencies, the transmission coefficient exhibits peaks at energies well below the barrier height. These peaks correspond to resonances which are associated with quasistable bound states of the effective time-averaged potential [28, 29] . For intermediate frequencies, inelastic processes dominate the scattering dynamics and strong sidebands appear in the energy spectrum [28] .
Recently, the classical mechanics of the system has been extensively studied [30, 33] . In particular, it has been found that at high driving frequencies, the system exhibits dynamical trapping which is associated with the existence of a stable island in phase space. As a consequence, the system exhibits non-hyperbolic chaotic scattering as well as stickiness of scattering trajectories in the vicinity of the stable island. The transmission of wave packets through an oscillating barrier has been studied both in the context of classical and quantum mechanics. In such systems, the oscillation frequency introduces an additional time scale and its influence on the QCC is an open question which we attempt to address in the present work. Moreover, it is interesting to investigate whether classical characteristics other than phase space structures have an influence in the quantum mechanics. Such characteristics, as kinematic effects, are investigated in the present work and are shown to play an important role in the dynamics of a time-dependent system in the absence of phase space structures.
More specifically, in the present work, we compare classical and quantum dynamics for several values of the driving frequency, focusing mainly on the effects that are induced by kinematics rather than by the underlying classical phase space. Our study is centered on the following points:
1. We compare the classical and quantum transmission coefficient as a function of the incoming wave packet energy for several values of the driving frequency. We find that classical and quantum mechanics exhibit a good quantitative agreement in an intermediate range of frequencies where kinematic effects dominate. Moreover, in this frequency range, the relatively small differences between classical and quantum mechanics can be interpreted, at least at a qualitative level, using mainly classical kinematic arguments. On the contrary, at low and high frequencies classical and quantum behaviors deviate due to the presence of quantum phenomena such as tunneling and resonances.
2. We study the form of the transmitted part of the wave packet as a function of the driving frequency. It is found that in a region of the parameter space, the incoming wave packet can be split to form a train of distinct coherent pulses. This phenomenon appears in both classical and quantum mechanics and we show that it admits a purely classical interpretation. The dependence of this phenomenon on the parameters of the system as well as its possible applications and experimental realizations are also investigated.
Both phenomena investigated in this work (QCC in the transmission coefficient and in the formation of coherent pulse trains) can be interpreted using classical kinematic arguments rather than phase space effects.
The remainder of the present paper is organized as follows. In Sec. 2 we describe our model system and the methodology of our study. In Sec. 3 we present the study of the classical and quantum transmission coefficients. In Sec. 4 we describe the formation of coherent pulse trains. Finally, in Sec. 5 we summarize our findings.
II. DESCRIPTION OF THE SYSTEM AND METHODOLOGY
Our system consists of a particle of mass m interacting with a laterally oscillating repulsive potential barrier. The oscillation of the barrier is harmonic with amplitude A and the system is described by the Hamiltonian:
where V (x) has been chosen to have the form of a rectangular barrier of height V 0 and width equal to α (see Fig. 1 ):
The problem of a charged particle interacting with a static potential barrier in the presence of a spatially uniform alternating electric field, as mentioned above, can be transformed, by means of the Kramers-Henneberger transformation [10] [11] [12] , to that described by the Hamiltonian (1), with
where q is the charge of the particle, E is the amplitude of the electric field and ω is the frequency of the field oscillation.
We will mainly use the following values of the parameters: A = 200, α = 80, V 0 = 0.0147
and m = 0.1. All quantities are given in atomic units. These values of the parameters are adapted to the conditions of electron transmission from a AlGaAs-GaAs structure in the presence of a laser field [34, 35] . We study the transmission of classical and quantum wave packets from the oscillating potential barrier. For the study of classical wave packets, we use as initial conditions ensembles of orbits having positions and momenta that follow Gaussian probability distributions. These initial conditions are integrated forward in time by solving
Hamilton's equations. For the study of the quantum wave packets, we use Gaussian wave packets and we solve the time-dependent Schrödinger equation using the Crank-Nicolson finite difference scheme combined with mask functions in order to avoid artificial reflections of the wave packets at the boundaries of our spatial grid [36] [37] [38] .
III. CLASSICAL AND QUANTUM TRANSMISSION COEFFICIENT
In this section we discuss our calculations of the classical and quantum mechanical transmission coefficient. At the quantum level, our initial state is a gaussian wave packet which is broad in position space (σ x = 5000) and, as a consequence, narrow in momentum space.
Its center at t = 0 is located at the position x 0 = −A − 3σ x , i.e. the right tail of the wave packet is at the left boundary of the interaction region, which is defined as the region in which the particles can interact with the oscillating potential (see Fig. 1 ). At the classical level, we evolve in time an ensemble of initial conditions having the same probability density in phase space with the quantum wave packet:
where p 0 is the initial mean momentum of the wave packet. We use minimal uncertainty wave packets, i.e.
We define a driving frequency ω I as
For ω = ω I , the barrier can be penetrated even from a particle at rest, colliding with the barrier when the phase of its oscillation is equal to π. In our system, for the values of the parameters chosen, ω I ≃ 2.7 · 10 −3 . In the following, we will refer to the frequency range where ω ≃ ω I as intermediate frequency range, whereas frequencies for which ω ≪ ω I and ω ≫ ω I , will be referred to as low and high frequencies respectively. Initially, we present the In the case of the classical wave packet interacting with the static barrier, the transmission coefficient is a smooth function of the energy (see the dotted line in Fig. 2(a) ). As discussed before, this occurs because a wave packet, even if its expectation value of the energy is smaller than the barrier height V 0 , can include orbits with energy larger than V 0 . Assuming a gaussian distribution for the momenta, the transmission coefficient of a wave packet with mean momentum P is given by
where the mean momentum P and mean energy E are related by
mission coefficient increases rapidly for E ≃ V 0 and the result shown in Fig. 2 (a) (dotted line) is close to a step function. The corresponding quantum curve (dashed line) is smoother due to quantum tunneling and interference.
From Fig. 2 we observe that, in general, the increase of the driving frequency leads to an overall enhancement of transmission, due to the increase of the mean energy of the motion of the particles with respect to the barrier. Nevertheless, apart from this general trend, the dependence of the transmission coefficient on the frequency and on the incident energy is more complicated. Interestingly, we observe that the agreement between classical and quantum mechanics is better in the case of the intermediate frequencies (see Fig. 2(b) ). In that case there is very good qualitative agreement almost in the whole range of the energies considered and a relatively good quantitative agreement: the sum of the squares of the quantum-classical differences of the transmission coefficient is 0.49 whereas for the low and high frequency the corresponding values are 4.16 and 1.15 respectively. At low frequencies (see Fig. 2(a) ), for energies below the onset of classical transmission, tunneling leads to a non-vanishing quantum transmission coefficient, whereas for larger energies transmission is suppressed due to quantum interference. In the case of high frequencies (see Fig. 2(c) ), the quantum transmission coefficient exhibits four peaks that are not apparent in the corresponding classical calculation. Such peaks have been reported and explained in [29] . The explanation is based on the fact that at the limit of high frequencies, the scattered particle feels an effective static potential which is the time average of the oscillating potential and in our case it has the form of a double barrier. The peaks correspond to resonances in the double barrier.
In order to determine in more detail the region of frequencies ω and incident energies E in which the agreement between classical and quantum mechanics is optimal, we perform a calculation of the classical T C and quantum T Q transmission coefficients in a two-dimensional grid of E and ω values. We have used 60 values for the frequency and 90 values for the energy resulting in a 60 × 90 grid on the ω − E plane. The results are shown in Fig. 3 .
We have also calculated the difference between the classical and the quantum transmission coefficient ∆T = T C − T Q shown in Fig. 4 . From Fig. 3 we observe that the classical and quantum transmission coefficients exhibit, at least qualitatively, a very similar behavior as a function of E and ω. A more quantitative description, given in Fig. 4 , shows transparently The horizontal dashed lines correspond to frequencies log 10 ω = −2.5 and log 10 ω = −3.5 (see text).
that there is good agreement between classical and quantum mechanics in a broad region of the (E, ω) plane while discrepancies occur in certain frequency regions. More specifically, in the low frequency region (log ω < −3.5), the discrepancy is enhanced at energies close to V 0 and is due to quantum tunneling and interference, whereas in the high frequency region (log ω > −2.5), the discrepancy occurs at low energies. In this energy region resonances occur, and are due to the formation of a time-averaged potential having the form of a double barrier. In the intermediate frequency region (−3.5 < log ω < −2.5) the agreement between classical and quantum mechanics is optimal almost in the whole energy range considered.
Despite the overall optimal quantum-classical agreement in the intermediate frequency approaches this value. In the following we will give a brief kinematic interpretation of the differences between the classical and quantum transmission coefficients in the intermediate frequency regime.
In the intermediate frequency region, although there are no structures in phase space and as a consequence no dynamical trapping of the orbits, there is a significant fraction of orbits exhibiting more than two collisions. One such orbit is illustrated in the x − t diagram of Fig. 6 , where the orbit is represented by joined linear segments and the boundaries of the barrier as sinusoidal curves. Qualitatively, due to interference effects, the presence of parts of the wave packet with many collisions that are finally transmitted , leads to a reduction of the quantum transmission coefficient compared to its classical value. Conversely, the presence of parts of the wave packet with many collisions that are finally reflected, leads to an enhancement of the quantum transmission coefficient compared to its classical value.
For convenience let us denote as ρ >2,t and ρ >2,r the fraction of the total orbits with more than two collisions that are transmitted and reflected respectively. Following the above qualitative line of thinking, the difference ∆ρ = ρ >2,t − ρ >2,r should be a measure of the difference between the classical and quantum transmission coefficient: increased ρ >2,t will enhance classical over quantum transmission whereas increased ρ >2,r will enhance quantum over classical transmission. This is indeed true, as can be seen from Fig. 7 , where ∆ρ is plotted on the same axes with ∆T = T C − T Q . From that figure it can be seen that a purely kinematic measure, namely the difference ∆ρ = ρ >2,t − ρ >2,r , describes quite accurately -except for the purely quantum resonance oscillations-the differences between the classical and quantum transmission coefficients.
In the region of intermediate frequencies, apart from the enhancement of the agreement between classical and quantum mechanics, there is a significant lowering of the transmission threshold, i.e. the energy above which the transmission coefficient acquires a significant value. In order to illustrate this fact, we calculate the classical and quantum transmission threshold E T , defined as the energy at which the transmission coefficient acquires for the first time the value 10 in Fig. 9(c) , and typically exhibit several collisions with the oscillating barrier. In the low frequency case, the corresponding x−t diagram is shown in Fig. 9(a) . In this case, all phases of the oscillating barrier are accessible to the scattered particle. However, at this value of the energy the transmission of particles is not allowed, since the maximum kinetic energy of the particles relative to the barrier is smaller than V 0 .
Regarding the classical phase space of the system, it has been shown that in the high frequency region it exhibits mixed dynamics: it possesses a central island of stability centered on a periodic orbit, a structure of KAM islands and a thin layer of chaotic motion around them [30, 33] . It has been found that the central island appears for ω ≥ 3.3 · 10 −3 (log ω ≥ −2.48). As it can be seen from Fig. 4 (upper left part of the graph), this frequency is very close to that above which classical -quantum disagreement occurs. Although the stable manifolds of the chaotic invariant set extend well outside the interaction region [30, 33] , the fraction of particles influenced by them is not statistically significant so as to induce structures (such as peaks or oscillations) in the classical transmission coefficient, unless a fine tuning in the initial conditions is made.
IV. FORMATION OF COHERENT PULSE TRAINS
In this section we will study QCC in an observable related to the space-time evolution of the scattered wave packet. More specifically, we focus our study on the form of the transmitted wave packet in space. The initial wave packet is the same as in the previous section and the frequency of the barrier oscillation is ω = 6 · 10 −4 . In the following, we will study the time-dependent transmission coefficient, which is defined as the fraction of the initial wave packet that has been transmitted at time t:
At the limit t → ∞, T (t) tends to the usual transmission coefficient. We have found that T (t) can in general exhibit two distinct behaviors: it can either be a smoothly increasing function of t or it can exhibit an interesting step-like structure. Two such representative cases are shown in Fig. 10 (a) and (b) for incident wave packet energies E = 0.03 and E = 0.013 respectively. The step-like structure, on which we will focus in the following, appears at both classical and quantum levels. In this case the transmitted wave packet splits to a series of well separated pulses. This is displayed in Fig. 11 , which shows the This is mainly due to the fact that the pulses spread in position space due to the broadness of their momentum distribution (dispersion). Moreover, at the quantum level, quantum interference also contributes to the loss of the peaked structure of the pulse train. This can be seen in Fig. 11 where for t = 257100 the quantum probability density has almost lost its peaked structure whereas the classical probability density still retains four distinct peaks.
Moreover, by performing a Fourier transform of the four pulses as they exit the interaction region, we find that their spectra are almost identical, i.e. the pulses are coherent.
The splitting of the incident wave packet into distinct pulses admits a purely classical kinematic interpretation. In the parameter region where the splitting occurs, three distinct dynamical behaviors for the orbits of the particles can occur depending on the phase of the barrier at the instant of the collision. In Fig. 12(a) a representation of the wave packet motion in a x − t diagram is shown. The regions marked as A,B and C in Fig. 12(b) correspond to the three distinct dynamical behaviors. The orbits of region C do not have enough kinetic energy (relative to the barrier) to overcome its height and therefore they are (a.u. reflected. For these orbits
where v 0 = 2E/m is the velocity of the particle before the collision and v b is the velocity of the barrier at the instant of the collision. In contrary to the orbits of region C, for the orbits of regions A and B the condition
is fulfilled and the particles enter the barrier. However, some of these orbits (region B), after their collision with the barrier, do not have enough energy to reach the right boundary of the barrier and they collide for a second time with the left boundary. These orbits are finally reflected as well. There is therefore a time interval during which no particles reach the right boundary of the interaction region (x = A + α), shown with a dashed line in Fig. 12 (a) and (b). A single pulse in the transmitted wave packet corresponds to a period of the oscillation and therefore contains a succession of regions A, B, C in the incident wave packet. The wider the wave packet in position space is, the more pulses appear after its interaction with the oscillating barrier.
The existence of the regions A, B, C and the occurrence of the pulse splitting effect depend on the parameters of the system. In order for T (t) to exhibit steps and, as a consequence, the incoming wave packet to be split in several pulses, the incoming wave packet has to probe all the phases of the oscillating barrier. This requirement introduces the constraints
and
where τ is the period of the oscillation. Moreover, during a period of the oscillation, both reflection and transmission of particles should occur. The latter introduces the additional constraint for the initial velocity:
For smaller velocities all orbits are reflected whereas for larger velocities all orbits are transmitted. As for the number of steps, and therefore the number of pulses, it is found that it does not change by varying E and V 0 but it can be adjusted by varying the frequency of the oscillation: with increasing frequency, the number of steps increases and therefore their width decreases, i.e. the number of transmitted pulses increases and their width in space decreases.
We conclude that it is possible to prepare the desired pulse-splitting effect for a given system with parameter values (V 0 , m, α) by matching the parameters (A, ω) of the external driving field as well as the initial spread σ x and energy E of the incoming wave packet using a purely classical calculation. One possible experimental setup for the observation of the pulse splitting effect are semiconductor heterobarriers which are driven either by an external laser field or an applied AC gate voltage [39, 40] . The wave packet of quasiparticles could be created by a (second) laser allowing to control the width and energy of the initial pulse. Observation of the transmitted time-delayed pulses can be done via time-resolved measurements. A potential application would be the use of the pulse splitting effect to build controllable intermittent pulse sources on a nanometer scale which should be of interest to nanoelectronics. Due to the very general character of the scattering process off oscillating barriers, the mechanism for the formation of pulse trains might occur in a variety of other physical systems of either classical or quantum character, e.g. for (cold) atoms encountering oscillating barriers or penetrable walls.
V. CONCLUSIONS
In this work we have studied the scattering of classical and quantum wave packets off a 1-dimensional barrier laterally oscillating with a harmonic time law. Our study has been mainly focused on Quantum Classical Correspondence (QCC) and its dependence on the parameters of the system. More specifically, we have considered the transmission coefficient as well as the form of the transmitted wave packet in both classical and quantum mechanics.
Regarding the transmission coefficient, the region of parameter space where classical and quantum mechanics are in good agreement has been investigated. It is found that in a certain frequency region (the intermediate one), QCC is optimal almost in the whole energy range considered and the transmission threshold exhibits a minimum. The latter admits a purely classical interpretation based on kinematic effects. Moreover, in the same frequency range, the difference between the classical and quantum transmission coefficient can be described mainly by kinematic arguments as well.
Regarding the form of the transmitted wave packets, it is found in both classical and quantum mechanics that in a rather broad region of parameter space, the incoming wave packet can be split into a train of well separated coherent pulses. This effect is not related
